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5_( ■ Abstract. The present paper considers the structure of the space of characters of 

quasi-projective manifolds. Such a space is stratified by the cohomology support loci of 
rank one local systems called characteristic varieties. The classical structure theorem 
OO ' of characteristic varieties is due to Arapura and it exhibits the positive dimensional 

^^ ■ irreducible components as pull-backs obtained from morphisms onto complex curves. 

In this paper a different approach is provided, using morphisms onto orbicurves, 
[^ ' which accounts also for zero-dimensional components and gives more precise informa- 

■^T ■ tion on the positive dimensional characteristic varieties. In the course of proving this 

orbifold version of Arapura's structure theorem, a gap in his proof is completed. As 
an illustration of the benefits of the orbifold approach, new obstructions for a group 
to be the fundamental group of a quasi-projective manifold are obtained. 



Introduction 

t^ ■ The framework of this paper is the study of properties of fundamental groups of 

complements of hypersurfaces in a projective space, or more generally, of smooth quasi- 
(^ ■ projective varieties. The approach we take is a classical one, namely to relate cohomo- 

^^ ■ logical invariants of the variety (or its fundamental group) to its fibrations over a smooth 

curve, sometimes referred as pencils. This strong relationship has a long history, going 
back to Castelnuovo and de Franchis, see [15]. The cohomological invariants we consider 
are the jumping loci of twisted cohomology of rank one local systems on the variety. The 
most general structure theorem for these loci was discovered by Arapura, who described 
them in terms of fibrations over curves. 

We propose here a different approach to obtain another structure theorem, where the 
base curve of the fibration is viewed as an orbifold. The language of orbifolds allows us to 
improve Arapura's description, and also to extract finer quasi-projectivity obstructions. 
Our main goal is to prove the following result: 
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2 E. ARTAL, J.I. COGOLLUDO, AND D. MATEI 

Theorem 1. Let X be a smooth quasi-projective variety and let Sfe(X) be the k-th 
characteristic variety of X. Let V be an irreducible component ofTjk{X). Then one of 
the two following statements holds: 

(1) There exists an orbifold dp supported by a smooth algebraic curve C , a surjective 
orbifold morphism / : X — )• C,^ and an irreducible component W of Tj^i'^T^ {Cip)) 
such thatV = f*{W). 



(2) V is an isolated torsion point not of type (1) 



The characteristic varieties of a space depend only on its fundamental group and can 
be seen as a generalization of the Alexander polynomial. They can be defined in terms of 
jumping loci of the cohomology of local systems. These invariants have been extensively 
studied from different perspectives. They are closely related with the Green-Lazarsfeld 
invariants |31| and with the Bieri-Neumann-Strebel invariants jS] of groups and spaces. 

In this context, the study of the geometry of smooth quasi-projective varieties in terms 
of fibrations onto Riemann surfaces has proved to be very fruitful as its widespread use 
shows, cf. the following contributions by Siu, Serrano, Beauville, Catanese, Simpson, 
Bauer, and Arapura gH [Ml El 13 [Ml E] • 

This paper originated from our attempt to understand Arapura's work. In [Ij the 
following result is stated in Theorem V.1.6. 

Theorem (Arapura [Ij). Let V be an irreducible component o/Si(X). We then have 

(1) If dim V > 0, then there exists a surjective morphism f : X ^ C , onto a smooth 
algebraic curve C, and a torsion character r such that V = Tf*{H^{C;C*)). 

(2) // dim V = 0, then V is unitary. 

This theorem is a consequence of Proposition V.1.4 from [T]. However, the proof of 
this proposition given by Arapura is not complete. The key technical tool used there is 
Timmerscheidt's spectral sequence degeneracy result |42^ Theorem 5.1] for unitary local 
systems ^ on X. Note that the relevant £'i-terms are not associated with the divisor 
V compactifying X = X \T>, but rather with the subdivisor T>^ of T> consisting of 
those components along which ^ has non-trivial monodromy. The starting assumption 
of Arapura's proof, that one can just deal with a local system having nontrivial local 
monodromy about all components of the divisor T> after replacing X by X^ = ^ \ ^ i 
cannot in fact be made. Indeed, as it can be seen in Example II . 9 1 b elow . the resulting local 
system may no longer be in Si(X^). Characters that do not ramify along all components 
of T> have been considered in the context of complements to projective hypersurfaces 
(cf. [2]) and they seem to be essentially different from those ramifying everywhere as can 
be seen in the Hodge-theoretical characterization provided in [H Theorem 5.1] where a 
character is not ramified everywhere iff it is of weight two. Different techniques than 
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those coming from cohomological properties of compact manifolds are hence required in 
order to deal with this phenomenon. 

Our first goal is to fill the gap in Arapura's proof. This is done in Section [5] in 
the language of orbifold morphisms. Proposition 14.21 ensures the validity of Arapura's 
statement in [U Proposition V.1.4], and Theorem 15.11 is an extension of that statement 
to non-torsion characters. We also point out that Theorem [T] works for any characteristic 
variety and not only for Si. 

The second goal is to describe, in terms of orbifold morphisms, the translated compo- 
nents appearing in Arapura's work, see also [26] for another approach. Several papers in 
this direction can be found in the literature. In particular. Theorem [T] can be considered 
as the quasi-projective version of Delzant's Theorem |23|. 

Orbifolds have also been used for the study of fundamental groups of smooth algebraic 
varieties in recent works by Corlette-Simpson |21) and Campana |12|I14|. In |23) Delzant 
proved the exact compact Kahler manifold analogue of Theorem [T| which was extended 
to compact Kahler orbifolds in |13| . 

The third goal is to rule out the existence of non-torsion isolated unitary points in the 
characteristic varieties of quasi-projective manifolds. In the compact projective (resp. 
Kahler) case this was known from Simpson |40| (resp. Campana [llj). In the non- 
compact case it was proved by Libgober [36] for quasi-projective manifolds X with 
bi{X) = 0. Dimca in [26] pointed out that this fact may be deduced from Budur's 
work |10) for general quasi-projective varieties. This can be done with a big amount of 
work, however, we present here a more direct proof of this fact. 

The fourth and final goal is to derive properties of the fundamental groups of quasi- 
projective varieties from Theorem [H which can be used as effective quasiprojectivity 
obstructions. As a matter of example, we present here one of the more striking conse- 
quences of Theorem [TJ 

Proposition 16.91 Let G be a quasi-projective group, and let V\ and Vi he two distinct 
irreducible components ofE^^G), resp. 'Ei{G). If ^ ^Vir\V2 is a torsion point, then ^ G 

This result was used in [5] to rule out certain families of groups as fundamental groups 
of quasi-projective manifolds. We collect other properties in Propositions 16.51 and 16.71 In 
this way, we recover and extend some of the properties found by Dimca, Papadima, and 
Suciu [291 [281 [261 [251 [Ml [27] using Arapura's Theorem. 

This paper was originally planned with another goal in mind: to prove that only 



components of type (1) could exist. This was in part justified by the heuristic fact that 



all the computed examples were of type (1) (included the isolated points), but one can 
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also give results in this direction in the rational surface case, where characters of orders 



2, 3, 4, and 6 are of type (1) for divisors with rational singularities (see |4lll8|). 

However, the first two authors have recently found an example (see [3]) of a quasi- 
projective surface whose isolated points of Si are of type |(2) [ 

The paper is organized as follows. In 21 notations for quasi-projective varieties are 
set and some of their properties are discussed. The concept of characteristic variety is 
introduced in terms of Betti numbers of the 1-cohomology with values in local systems of 
coefficients. Some ways to compute this cohomology are sketched and we applied them 
in ^ to compute characteristic varieties of orbifolds; these computations are probably 
known for specialists but they do not appear explicitly in the literature. For quasi- 
projective varieties, the main tool of computation comes from Deligne's work [22: 1. which 
is recalled in ^ Also in this section, some technical results are proved. They are 
mainly contained, one way or another, in the work of Arapura [I], Timmerscheidt |42| . 
and Beauville [7]. The purpose of this is two-fold: on one hand to strengthen the use 
of the unitary-holomorphic decompositions of a character [H l^j on the other hand to 
prepare the ground for a more precise analysis of the Deligne decomposition of the 1- 
cohomology for local systems of coefficients, which will be considered in ^ In ^ the 
Deligne's decomposition into holomorphic and anti-holomorphic parts is analyzed for 
Riemann surfaces as a main ingredient for the general decomposition. In ^this analysis 
is carried over to higher-dimensional varieties. The main results are stated and proved 
in section ^ The key ingredient is Theorem 15.11 which allows us to prove Theorem [1] 
for Efc for any k, since it states that any element of the twisted cohomology for a quasi- 
projective group (as long as the character is not of torsion type) is obtained as the 
pull-back of an element of the twisted cohomology of the orbifold. The strategy to prove 
Theorem 15.11 is to reduce it to the holomorphically pure cohomology classes. To that 
end, we first investigate in Proposition 14.21 the relation between the anti-holomorphic 
parts associated with a character and to its conjugate character. Proposition 15.31 is 
a generalization of [1] Proposition V.1.3] to the orbifold case. The results of ^ are 
then used to apply Arapura's method to characters which are non-torsion, not just non- 
unitary. These improvements allow us to deal with any non-torsion unitary characters 
using Delzant's approach. The proof of Proposition 15.61 uses Levitt's interpretation |34| 
of exceptional classes and Simpson's main result in |39j can be applied. A more direct 
approach using Delzant's way could be done if the result in |39| were generalized to the 
quasi-projective case. In ^ some improvements of the main theorem are discussed for 
torsion characters. They are not included in the main theorem because the hypotheses 
are rather technical. This section also includes a number of applications which follow 
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from Theorem [T] and ^ Finally, some examples illustrating the properties are shown 
in ^ More examples, applying these techniques can also be found in [5]. 

1. PRELIMINARIES 

Let X be a smooth quasi-projective variety. Using standard Lefschetz-Zariski theory, 
see [32], since the invariants we are interested in only depend on G := tti(X), X will 
be assumed to be either a complex curve (a Riemann surface) or a complex surface. In 
any case there exists a smooth compact complex surface (or complex curve) X such that 
X = X\'D, where 2? is a normal crossing divisor. If necessary, additional blow-ups might 
be performed in order to obtain a more suitable X , which will be clear from the context. 

Characteristic varieties are invariants of finitely presented groups G, and they can 
be computed using any connected topological space X (having the homotopy type of 
a finite CW-complex) such that G = 'TTi{X,xq), xq G ^ as follows. Let us denote 
H := Hi{X; Z) = G/G' . Note that the space of characters on G is a complex torus 

(LI) Tg := Hom(G,C*) = Rom{H,C*) = H\X;C*). 

Given ^ G Tq, the following local system C^ of coefficients over X can be constructed. 
Let TTab : ^ab -^ X he the universal abelian covering of X. The group H acts freely 
(on the right) on Xab by the deck transformations of the covering. The local system of 
coefficients C^ is defined as the locally constant sheaf associated with: 

vrg : Xab Xh C ^ X where l^b X/^ C := (lab x c) /{x,t) ~ (x^^(/^-l)t). 

Definition 1.1. The A;-th characteristic variety of G is the subvariety of Tq, defined 
by: 

Efc(G) := le G Tg I dimH\X,C^) > k}, 

where H^{X, C^) is classically called the twisted cohomology of X with coefficients in the 
local system ^ € Tq. 

It is also customary to use Sfc(X) for T,k{G) whenever tti{X) = G. 

1.2. Topological construction of H^(X;C^). By duality, we will concentrate our 
attention in describing the simpler object Hi{X;C^). Let us suppose that X is a finite 
CW-complex. Then, Xsh also inherits a CW-complex structure. Since H is the group 
of automorphisms of VTab, H acts freely on the set of cells of X, and thus the chain 
complex G=i,(Xab;C) becomes a free A-module of finite rank, where A := C[H] is the 
group algebra of H. Given a character ^ G Tq, C acquires a structure of A-module 
C^ (obtained by the evaluation of (^ on the elements of H) . The twisted chain complex 
G=f(X; C)^ := G^,(Xab; C)(E>ACg is, as a vector space, isomorphic to the finite dimensional 
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complex space C<,(X;C) with twisted differential. This construction implies that T,k{G) 
are algebraic subvarieties of Tg defined over Q. 
Moreover, 

Sfc(G) \ 1 = Charfe(i/i(Xab)) \ 1 = Charfe+i(i7H^ab)) \ 1 (cf.[ia §1.2] or [33]), 

where, if M is a finitely generated A-module then Charfc(M) is the algebraic variety 
associated with the annihilator of the module /\ M. Finally, a presentation matrix 
for the module if^(C*(X;C)^) is given by evaluation of the Fox matrix of G via the 
character ^. This matrix is obtained using Fox calculus [30j and it will be extensively 
used in ^ 

Example 1.3. Let G := {xi, . . . ,Xn \ Ri, ■ ■ ■ , Rs) be a presentation of G and let K be 
the CW-complex associated with the presentation. This CW-complex has one 0-cell, say 
P, n 1-cells denoted by xi, . . . ,Xn such that the 1-skeleton is a wedge of n circles, and 
s 2-cells Ri, . . . ,Rs such that their attachments to the 1-skeleton are determined by the 
corresponding words. Let ^ : G — t- C* be a character and let us denote tj := ^(xj). Then 
the twisted differential of complex C^:{K; C)^ are defined as follows: 

. diixi) = {ti - 1)P; 

• The map 82 is determined after a map ip defined on the free group in xi, . . . ,Xn 
which is defined inductively: 

— The image of the empty word by (p is 0. 

— For a word w, we have: 

* (p{xiw) := Xi +tnp{w). 

* f{x~^w) := -tr^Xi + t:r^<f{w). 

Note that (f{x^w) = j^Xi + t^(p{w). 

1.4. Algebraic construction of H^{X;C^). There is another way to compute the 
cohomology H^(X;C^) = H^{G;C^), which can be seen as the quotient of cocycles by 
coboundaries. A cocycle is a map a : G — )• C such that a{gh) = a{g) + ^{g)a{h). 
Coboundaries are generated by the mapping 5 •— ;■ ^((7) — 1- A cocycle defines a repre- 
sentation G — 7- GL(2;C), g 1— t- ( ^^^' "'^^ 1. Note that the coboundary representation is 
reducible. 

Remark 1.5. Let r := Rank/7 and let Torsc be the torsion subgroup oi H = G/G' . 
Then T^ is an abelian complex Lie group with | Torsc | connected components (each one 
isomorphic to (C*)^) satisfying the following exact sequence: 

(1.2) 1 ^ T^ ^ Tg ^ Hom(TorsG, C*) -^ 1, 

where T^ := Hom(/7/TorsG',C*) is the connected component containing the trivial 
character 1 which is isomorphic to (C*)'~ via the choice of a basis of the lattice H/ Torsc- 
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Given p G Honi(TorsG,C*), we will refer to the component of Tq whose image is p as 
T^. Since the exact sequence (11.2p splits, the elements p can be considered in Tc, and 
T^ can also be thought of as the only connected component of Tq passing through p. 

When X is a quasi- projective (or Kahler) manifold, the work of Deligne |22j gives a 
way to compute the twisted cohomology in terms of geometric properties. Let us give 
some details about this computation. Fix a projective manifold X such that T) := X\X 
is a normal crossing divisor. 

Definition 1.6. Let D be an irreducible component of D and let ^ G H^{X;C*). We 
say that ^ does not ramify, or has trivial monodromy, along D if ^(/i£)) = 1, where p^ is 
a meridian of D. Otherwise, we say that ^ ramifies along D. 

Remark 1.7. By a meridian oi D, we simply mean the boundary of a sufficiently small 
disk intersecting D transversally and only at one point. This means nothing but the 
boundary of a fiber of the tubular neighborhood (seen as sub-bundle of the normal 
fibered bundle) on the smooth part of D. Since the tubular neighborhood of the smooth 
part of Z) in 2? is connected, all meridians of D are homologically equivalent. 

Remark 1.8. Let P^ be the subdivisor of D formed by the irreducible components D 
of T) such that ^ ramifies along D. Let X^ := X \ V^ and G^ := tti{X^). Despite 
the notation, X^ and G^ depend on X. Note that ^ naturally determines an element 
^0 e Tfjc = H'^{X^;C*). It is clear that ^o e ^i{X^) implies that ^ G ^i{X), but 
note that the converse is not true in general as the following example shows. This 
stresses a common as well as subtle misconception when trying to study characters on 
X. Therefore, one cannot assume, changing X by X\ that a character ^ ramifies along 
all irreducible components of D. 

Example 1.9. Let X := P^ \ {0,1, oo}. The group G := tti{X) is free of rank 2 
(generated, e.g., by meridians of and oo). The torus Tq is identified with (C*)^ via the 
images of those meridians. It is not hard to prove that Si(X) = Tq, see Proposition 12.101 
Let us consider a character ^ defined by (z, z~^), z £ C\ {0, 1}. In this case, the divisor 
V is the set {0,1, oo} but the divisor V^ is {0,oo} since ^ does not ramify at 1. Note 
that X^ = C*, whose fundamental group is Abelian. Since ^o is a non-trivial character, 
6 ^ Si(X5). 

2. ORBIFOLD GROUPS AND CHARACTERISTIC VARIETIES 

Definition 2.1. An orhifold X^ is a quasi-projective Riemann surface X with a function 
(^ : X — 7- N taking value 1 outside a finite number of points. 
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We may think of a neighborhood of a point P G X^p with '^{P) as the quotient of a 
disk (centered at P) by a rotation of angle -^. A loop around P is considered to be 
trivial in X^p if its lifting bounds a disk. Following this idea, orbifold fundamental groups 
can be defined as follows. 

Definition 2.2. For an orbifold X,^, let pi, . . . ,p„ G X be the points such that rrij : = 
^p{pj) > 1. Then, the orbifold fundamental group of X<^ is defined as 

nT\Xp) := mix \ {p^, . . . ,Pn})/{pT' = 1), 

where pj is a meridian of pj. For simplicity, X^ might also be denotes by Xmi,...,m„ 
or Xfn- 



Example 2.3. If X is a compact surface of genus g and m = {mi, . . . , m„), then 

'^m '■= '^T i^m) = (ai, . . . , at,, 6i, . . . , ftg, /ii, . . . , //„ 
If X is not compact and vri(X) is free of rank r, then 

^m ■■=TrT^{Xrn) = (ai,...,a,.,/ii,...,/i. 



g n \ 




Definition 2.4. Let X^p be an orbifold and Y a smooth algebraic variety. A dominant 
algebraic morphism f : Y ^ X defines an orbifold morphism Y — )• X^ if for all p G X, 
the divisor f*{p) is a c/3(p)-multiple. The orbifold X^ is said to be maximal (with respect 
to /) if no divisor f*{p) is n- multiple for n > (/?(p). 

Remark 2.5. If y is a smooth algebraic variety, X is a quasi-projective Riemann surface 
and / : y — 7- X is a dominant algebraic morphism, it is possible to define an orbifold 
structure (/? : X — t- N, where ii p £ X, (p{p) is the gcd of the multiplicities of the 
irreducible components of the divisor /* (p) . This structure is maximal if and only if / 
is surjective. 

The following result is well known. Proofs can be found in [161 [3]. 

Proposition 2.6. Let f : Y ^ X define an orbifold morphism Y — )• X^. Then f 
induces a morphism /* : vri(y) — t- it° {X^). Moreover, if the generic fiber is connected, 
then f^ is surjective. 

Next we compute Tn for orbifold groups 11. 

Proposition 2.7. If Ii = FJ^, then Tn is given by the following short exact sequence 

n 

1 ^ Tji = (C*)'- ^ Tn ^ 0C™^. ^ 1, 
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(see Remark \l.f)\) where Cm is the cyclic multiplicative group of m-roots of unity. 

If li = G|j, then Tn is given by a similar short exact sequence where the first term is 
TJ^ = (C*)^^ and the last term is the cokernel of the natural mapping Cm — ^ ©^=i Cm 
where m := lcm{?7ii, . . . ,m„}. 

Proof. It is immediate from the fact that H = 1/ ® Cmi © • • • ® Cm„ in the first case and 



Cm 
in the second case. D 

Therefore, for orbifolds coming from Riemann surfaces, the components of Tn are 
parametrized by the n-tuples A = (Ai,...,A„) of roots of unity Aj of order rrij (resp. 
whose product is 1) if X is non-compact (resp. compact). Let T^ denote the component 
of Tn determined by A. 

Definition 2.8. The number ^(A) of non-trivial coordinates of A is cahed the length of 
the component T^ of Tn . If ^ S T^ , then this number is also called the length of .^ and 
it is denoted by i{i^. 

Note that there are components of any length -^, < £ < n for FJ^, whereas this is not 
the case for G^. The arithmetic of m-i, . . . ,?tt,„ imposes some conditions, for example, 
T(g9 cannot have components of length 1 and if rui are pairwise coprime, then T^js 
cannot have components of length 2. 

Definition 2.9. We define the k-th characteristic variety Sfc(X^) of the orbifold X^ as 
the A;-th characteristic variety Sfc(n) of its orbifold fundamental group. 
Also, if .^ S Tn is a character on 11, then H^{X^; Cg) will denote H^{Il; ( 



We now compute Sfc(X^) for orbifolds X^. In order to do so, we will follow Exam- 
ple 11.31 by considering the CVF-complex K associated with the presentation of 11 := 
TT° (X^) given in Example 12.31 First we consider the case 11 := FJ^ 



m' 



Proposition 2.10. Let us consider the group U := tt" (X^) = FJ^. Then 



'^k{X^ 



Tn ifl<k<r-l 



{1}UUTOK(A)>1} ifk 



r 



U{T^ I ^(A) >k-r + l} ifr + l<k<r 
if k > r + n. 

is a decomposition in irreducible components o/Efe(X^). 



n 
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Proof. First let us consider the case where ^ 7^ 1. Let us consider the complex Cj,{K; C)^; 
since ^ 7^ 1, then dimkerc?^ = n + r — 1. The matrix M for d\ is obtained using 
Fox calculus and evaluation by ^. Let A := (Ai, . . . , A„) the n-tuple of roots of unity 
determining the irreducible component of Tn containing ^. It is easily seen that 



/^ 



M :-- 



mi 
1 



1 



v 



•vmi 
^2 









\ 



\mn 



An-1 



G M{{n + r) x n,C); 



/ 



since RankM = n — i{X), we obtain that dim H^{K; C^) 
side, dimH'^{K;Ci) = Ranki:^i(n) = r. 



r + i{X) — 1. On the other 

D 



Now we consider the case H := G^, 2g + n > 2 (G^ is trivial if 2^ + n < 2). The 
following corrects a mistake in Delzant's statement [231 Proposition 4]. 

Proposition 2.11. Let us consider the group 11 := 7r°'''^(X^) = G|j, 2g + n>2. Then, 



Sfc(X(^ 



Tn ifl<k<2g-2 

{1}UU{T^K(A)>2} tf2g-l<k<2g 

U{T^ I ^(A) >k-2g + 2} if 2g + I <k <2g + n- 2 

ifk>2g + n-l 



is a decomposition in irreducible components o/Sfc(X^) 



Proof. If ^ = 1, dmiH^{K;C\) = Ranki:/^i(n) = 2g. Let us assume ^ 7^ 1 and we 
assume the notations of Example 12.31 and Proposition 12.10] A = (Ai,...,A„) where 
Ai := C(/^i); we denote also Xi := £,{ai) and yi := £,{bi). We have dimker 9^ = 2g + n — 1 
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and we obtain the matrix M for ^2 using Fox calculus and evaluation by ^: 



/ A™^ - 1 



M :-- 



V 



Ai- 



1 




A™^ - 

A2- 


- 1 

T 






: 




1 

Ai 












An — 


-1 
1 


Ai • • • A„_i 

















yi - 1 

















1 — Xl 

















yg-i 

















1- x„ 



€Mi{n + 2g)x{n + l)X); 



since Rank M = n+l-£(A), we obtain that dim H'^ {K ; C^.) = 2g + i{X)-2. The result 
follows since the case ^(A) = 1 cannot arise. D 



As an immediate corollary of Propositions 12.101 and 12.111 the twisted cohomologies of 
a character, its inverse, and its conjugate can be related as follows. 



Proposition 2.12. Let X^ be an orhifold, let 11 := vr™ (X^), and let ^ G Tn, then 

dimi^^(n;C^) = d{inH^{I{;Ci.-i) = dimF^(n;Cg-). 
Proof. In the proofs of Propositions 12.101 and 12.111 it was computed that 

RankFi(n) if ^ = 1 



dim/7'(n;C5) 



l{\)-x{x) ifeeT^. 



Clearly, if C S T^ then ^"^ G T^ and ^ G T^. Moreover ^(A) = ^(A" 
statement follows. 



£(A), and the 
D 



As a consequence of Propositions 12.101 and 12.111 the twisted cohomology of an orbifold 
X^p can be identified with the twisted cohomology of a Riemann surface. 

Proposition 2.13. Let X^ be an orbifold with singular points pi, . . . ,pn and orbifold 
fundamental group U := TTf^^{X^). For S. G Tn, set Y := X \ {pj e X \ ^{fij) / 1}. 
Let ^1 be the character on Y determined by ^. Then //^(X^;C^) is naturally identified 
withH\Y;Ci.^). 
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Proof. The particular cases of Propositions 12.101 and 12.111 where no orbifold points are 
present give the dimensions of the twisted cohomology groups of a Riemann surface Y: 

. ^ \RankHi{Y) if ^ = 1 

(-x{Y) ife/1. 

Now fix J a subset of {1, . . . , n} of size / and suppose ^ is such that (,{fJ.j) ^ 1 precisely 
when j G J. Then ^ G Tjj and ^(A) = i. We then have that 

. ^ fRankifi(n) if^ = l 

\i-xix) ife/1. 

Clearly Y = X\{pj | j G J} is a Riemann surface of Euler characteristic xO^) = x(^)~^ 
and first Betti number Rankifi(y) = RankHi^X) +i = Ranki7i(n) + i. It follows 
that dimH^{Y;C^) = dimH^{X^;C^), and so the restriction H^{Y;C^) -^ H\X^;C^) 
is an isomorphism. D 

3. DeLIGNE'S theory AND HODGE-LIKE DECOMPOSITIONS 

In what follows, we briefly summarize Deligne's results [22j (with some addenda by 
Timmerscheidt |42| ) on twisted cohomology of quasi-projective varieties. Let ^ G Tq, 
G := 7ri(X). Consider the line bundle L^ := Cg ® Ox over X. The local system of 
coefficients Cg induces a flat connection V on L^. Let us fix Lg an extension of L^ 
to X, whose associated flat connection V is meromorphic (having log poles along T>) 
and extends V. Note that plenty of such extensions are possible (there is a choice of 
a logarithm determination around every component D of 2?). More precisely, flx an 
irreducible component D oi T> and let p G -D \ Sing(2?). Let u,v be a local analytical 
system of coordinates centered at p such that ?; = is the local equation of D. Let /i£) be 
a meridian of D and let ^{fJ,D) ='■ t. The extension V to D is determined by the choice 
of a G C such that exp{2\/—l'Ka) = t, or equivalently, such that v" is the equation of 
a multivalued flat section on a suitable chart of L^. 

Definition 3.1. We say that a is the residue of the meromorphic extension V around D. 

Definition 3.2. An extension L^ as above is said to be suitable if the residues of L^ 
around the components of P are not positive integers. The Deligne's extension of (L^, V) 
is the unique holomorphic extension of L^ whose associated meromorphic flat connection 
(with log poles) is so that its residues around any component of T> have real parts in 
[0, 1). Such an extension will be denoted by L^. 

The main result proved by Deligne in [22j states that, if L^ is suitable then the 
hypercohomology of the twisted complex of holomorphic sheaves of logarithmic forms 
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with poles along D (denoted by J7^(log'D)(X'L^) is isomorphic to the twisted cohomology 
of X with coefficients in ^, that is, 

(3.1) W{X;n)^{logV) L^) ^ H\X;C^). 



This induces a decomposition H^{X;C^) = H? © HP , where HP corresponds to the 
(l,0)-term and HP corresponds to the (0, l)-term. In a nutshell, Timmerscheidt |42) 
showed that, in the case of Deligne's extensions of unitary bundles, the associated spectral 
sequence degenerates in the first step. Next, we will describe some of the main properties 
derived from this result, some of which are particular to the Deligne's extension. 

Theorem 3.3 ([22l|42j). The following properties hold: 



ex 



(1) If L^ is a suitable extension, then the space HP is the homology of the compl 

(3.2) H°{X-L^) ^ H°{X-n]^{logV) L^) ^ H'^{X;Q^^{logV) L^) 
and HP is the kernel of 

(3.3) V ■.H\X;L^) ^ H\X;n)^{logV) L;:). 

(2) // ^ is unitary and L^ is the Deligne extension then V = in (|3.2p and (|3.3p . 
i.e., 

Hf = H\X; l^^(logP) ® Lg), Hf = H\X; L^). 

Remark 3.4. This decomposition is, in general, non-canonical. As in Theorem I3.!^(2)| 
more properties can be derived when ^ is unitary. Following the ideas in [U III- IV], the 
decomposition H^{X;C^) = HP © HP is natural and carries a mixed Hodge structure. 

Definition 3.5. An element ^ 6 £ H^{X;C^) is said to be holomorphically (resp. 
anti-holomorphically) pure if G HP (resp. 9 £ HP). 

The following is yet another consequence of the Hodge theory on the cohomology of 
X, which will be very useful for our purposes. The statement appears in the proof of [TJ 
Proposition V.1.4] (where X must be replaced by X in the last summand). 

Proposition 3.6. There is a natural real decomposition 

H\X- C) = {H^\X) © Hi\X)) © ./^{Hi\X) © H\X-^)). 

The sum of the first three terms corresponds to H^{X]Q}jy{[ogT>)), whereas the sum of 
the first two corresponds to those forms having purely imaginary residues. The residues 
along the components of T> of the forms in the first and last terms are trivial. 
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3.7. Character Decompositions. [H [7] Let ^ e Tg = H'^{X;C*). Note that there 
exists a torsion element r such that ^ := r~^^ G T^. and there exists tj G H^{X; C) such 
that ^ = exp(77). The element rj is unique up to sum by an element in 2^/—l'KH^(X■, %). 
According to Proposition 13.61 there exist uj G //'^(X; riWlogP)) and b G -ff^(X;M) such 
that T/ = w + V"!'^- Summarizing, ^ = ^exp(a;), where ^ := Tex.p{\/—15) is unitary. 

Note that any choice of ujq G H^[X) leads to another decomposition ^ = ■0exp(w) 
where Co := co — \^—lujo and V' := t ex.p{^/ —1(6 + wq))- 

Definition 3.8. A decomposition ^ = ^exp(a;) is called a unitary-holomorphic decom- 
position oi ^ ii t/j is unitary and lo G H^{X; O^(log'D)). Such a decomposition is called: 

• integrally unramified if 2?^ = T>^ and w is holomorphic outside P^; 

• strict if it is integrally unramified and to ^ 2-v/^^7r/7-'^(X; Z). 

Remark 3.9. In the definition of integrally unramified, the condition of being holomorphic 
outside V^ is non-void. Let ^ = '0exp(a;) be an integrally unramified decomposition 
and let ry be a logarithmic one-form having integral residues around the components 
of 2? — V^. The decomposition ^ = '0exp(a; + ry) is also unitary-holomorphic but not 
integrally unramified. 

Remark 3.10. Let us fix a unitary-holomorphic decomposition £, = ip exp(a;). We consider 
the Deligne extension L^ associated with ■0. This is also an extension for L^ and the 
meromorphic connection is V^^ := V + Auj (see, e.g., |Tl Section V] or [7J), where V is 
the connection associated with ip: it is a flat meromorphic connection extending V and 
its monodromy equals ^ (using the unitary-holomorphic decomposition). 

Lemma 3.11. Let ^ = 'i/^exp(a;) be an integrally unramified unitary-holomorphic decom- 
position. 

(1) Any integral residue ofV^j vanishes (and, in particular, T/teorem 13. 5|(1)| can be 
applied). 

(2) The character tp (resp. the form uj) is a restriction of a unitary character (resp. 
a logarithmic form) defined on X^ . 

Proof. Let D be an irreducible component of T) where ^ does not ramify. From the 
definition of integrally unramified we deduce that exp((^) does not ramify along D, and 
hence, the same happens for -0. Therefore ([T]) and ([2]) follow. D 

The proofs of the results of ^ are easier for characters admitting a strict unitary- 
holomorphic decomposition, see Corollary 15.41 The following result shows under which 



conditions such decompositions exist. The sufficient condition (1) is classical and it is 
well known in the projective case while the second sufficient condition is original in this 
context to our knowledge. 
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Lemma 3.12. In the following cases the character ^ admits a strict unitary-holomorphic 
decomposition: 

(1) ^ is non-unitary 

(2) h{X^) > h{X). 

Proof. By Lemma [3.11l ![2]) it is equivalent to find a strict unitary-holomorphic decompo- 
sition for the induced character ^o in ^ • Then, replacing X by X^, we may assume that 
^ ramifies along every irreducible component of D. Consider ^ = ■i/'exp(a;) a unitary- 
holomorphic decomposition of ^. 

Following Arapura [T] one can choose cji G H^{X; Z) with non-trivial residues along V. 
Consider rj = a -\- /3 a decomposition where a G H^{X;M.) and /3 G H^[X). Note that 
^ = Vexp(w)exp(27rV^r?) = ip eJip{2^^^/^{a + t/3))exp(Lj + 27r^/^(l - t)/3). Note 
that ipi := tp exp(27r-v/— 1(q -|- 1/3)) has non-trivial residues along P. Eventually replacing 
il) by -01 and w by cj-|-27r\/— 1(1 — 1)/3 one might assume that ^ = ■0exp(w) is an integrally 
unramified unitary-holomorphic decomposition of ^. 

All is left to check is that this can be done choosing a; ^ mod H^{X; Z). 



If (1) holds, then cu ^ H^{X;Zi) (by Proposition I3.6p . otherwise ^ = ip would be a 
unitary character. 

If (2) holds, then Proposition 13.61 implies that H^{X) 7^ 0. A generic choice of loq G 



H^[X) leads to another decomposition where ijj (resp. lo) is replaced by 'i/^exp(\/— li^o) 
(resp. LO — a/— Iwo) satisfying u) ^ i?^-^(X;Z). D 

4. AntI-HOLOMORPHIC PURE FACTORS OF TWISTED COHOMOLOGY 

In this section we study the relationship between the twisted cohomologies relative to 
characters ^ and ^~^ taking into account Deligne's theory. In particular, we study the 
properties of -ff5±i and HP±^ (see (j3.ip and paragraph right after for a definition). 

Theorem 4.1 ( |42| |T]). // the character S^ ramifies along each irreducible component 
ofD, then there is a natural inclusion H? ^-t- H9^. 

Theorem 14. II is proved in |42| Theorem 5.1] for unitary characters (where the inclusion 
is in fact an isomorphism). The second part of the proof of [1, Proposition V.1.4] provides 
the general result. We can summarize it as follows. For ^ = ^exp(a;), let a G H? , that 
is, a G H^{X,L^) and a A cj = 0, cf. Remark 13.101 and exact sequence in (j3.3p . Since 
^ ramifies along each irreducible component of V, one has LT = L^-i Ox{—T)) 
(cf. [I2l Theorem 5.2]). Therefore, a G H'^{X,n]^{logT>) ®Z^-i). According to the 
L^ cohomology arguments in the proof of [U Proposition V.1.4] one has that a A a; = 
and if L^ is trivial, therefore a is not a multiple of uj. Thus 7^ a G Hf-i and the 
statement follows, see (I3.2p . 
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Note that this theorem does not deal with arbitrary characters, but only with those 
that ramify along every irreducible component of D. In the general case one might have 
to resort to the conjugated character as we will see in what follows. Let ^ be a character 
and consider as in |T]the divisor V^ (containing the components of V where ^ ramifies) 
and X^ := X \ T)^. For the sake of clarity we denote by ^o the character induced by ^ 
onX«. 

Proposition 4.2. For any character f on X there is a natural isomorphism H- = H'? 
where ^o is the character induced by $^ on X^ and S, is either ^ or its conjugate ^. 

In order to prove this proposition we need to recover more information on the Deligne's 
decomposition of the twisted cohomology of a Riemann surface, which has already been 
computed in ^ The proof will be postponed to the end of the section. Note also that 
Proposition 12.131 allows to extend the concept of decomposition into a holomorphic and 
an anti-holomorphic part to //^(X^;C^) for orbifolds. 

We consider now some computations of meromorphic extensions for the particular 
case X := P^ \ {pi,...,p„}, n > 0, i.e., P 7^ is the reduced divisor supported on 
{pi, . . . ,|?n}- The group G := 'Ki{X) is generated by meridians /ij, j = 1, . . . ,n. For 
a suitable choice of these meridians the only relation is //i • . . . • /i„ = 1. Let us fix a 
character ^ G Tc; an extension L^ to P"*^ of Lg := C^(^Ox (with a meromorphic extension 
V of the connection of Lg) is determined by the choice of aj G C, j = 1, . . . , n, such that 
^(/Xj) = exp(— 2-v/— iTraj). Note that k := — X]?=i Oj £ ^- From these choices, the line 
bundle L^ admits a multivalued flat meromorphic section a having complex order aj at 
Pj. We deduce from this fact that L^ = Opi{—k). Using this idea for arbitrary Riemann 
surfaces we obtain this useful result which is well known. 

Proposition 4.3. Let X be a quasi-projective Riemann surface with compactification X , 
n := #(X \ X). Let ^ be a character on X and let L^ be the Deligne extension of L^ 
to X . The following results hold: 

(1) If n = 0, then degLg = 0; 

(2) if n > 0, then —n < deg Lg < 0; 

(3) if n > and S, is unitary, then ^ is trivial if and only if deg L^ = 0; 

(4) if n = and ^ is unitary, then ^ is trivial if and only if L^ = Oj^; 

(5) L^ admits non-zero holomorphic sections if and only if L^ = Ox- 

Let us continue for a moment our discussion above where the Deligne extension L^ for 
the unitary character ^ has been fixed (hence aj G M). If ^ is not the trivial character, 
then < k <n. Using Theorem [34(2) [ one has Hf = F°(pi; ri^i(logP) L^). Since 
i^piilogV) Ci^ L^ = C'pi(— 2 + n — A;), one can deduce that dimi^? = n — k—1. Also HP = 
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H^{F^; Lg); by Serre duality, this space has the same dimension as H^(F^; ilpi (g) (L^)~^) 
and r^pi (g) {L^)~^ = C'pi(-2 + k). Hence dim ij|^ = fc - 1. Also note that dimi7|^ = 
(n — A:) — 1 by Serre duality, which agrees with the isomorphism in Theorem 14.11 for the 
unitary case. See also |36| for this kind of computations. 
Following these ideas, a more general result holds. 

Proposition 4.4. Let X be a quasi-projective Riemann surface, such that X is a curve 
of genus g, and T) := X\X is a reduced effective divisor of cardinality n. Let G := vri(X) 
and fix ^ ^ Tq \ {1}. Let k be the integer which is the negative of the sum of residues 
associated with ^. Then, H9 ^ except in the following cases: 

(1) (7 = and n < 2; 

(2) g = 1 and n = 0; 

(3) g = 0, n> 3 and k = n — 1 (in particular, X = X^); 

(A) g = 1, n = 1 and C = exp(a;) for u G H^{X,Q)^{logV)) = H^{X,n\) = 
H%X,Ox). 

Proof. The first two cases are immediate since G is abelian. 
We recall, see (|3.2p . that HP is the cokernel of 

A:=H^{X,L^) ^ H'^ {X,n)^{logV) ^ Li:) =:B, 

where L^ is, as usual, the Deligne extension of L^ to X. Recall that a := degL^ = —k 
and b := degfiWlogP) ^ L^ = 2g — 2 + n — k; moreover, 0</i;<nifn>0 and k = 
if n = 0. By Proposition 14.31 A 7^ if and only if L^ = Ox, in particular, dim A = 1. 
We distinguish several cases. 

If g > 1, since 6 > then i? 7^ 0. Then, we get the statement when A = 0. If yl 7^ 0, it 
is enough to prove that dimi? > 1. In this case, B is the space of holomorphic sections 
of nWlogP) which admits the space of holomorphic 1-forms of X as a subspace. Since 
such a space has dimension g > 1 we are done. 

For g = 1, we assume n > 0. Hence < A; < n and 6 > 0; if ^ = we are 
done. If j4 7^ 0, we have in particular that B is the space of holomorphic sections of 
ri^(logP) = Ox{'D). If n > 2, then dimi? > 1 and we are done. If n = 1, then 
dimB = 1 and hence HP = 0. Note that L^ = Ox is equivalent to the property 
C = exp(a;) for u e H^{X,n}^{logV)). 

For 5^ = 0, we assume n > 2 in which case b = n — k — 2> —1 and hence dimi? = 
n — k —1. If A; = 0, we have immediately that dvcaB > 1 = dim^. If A; > 0, then ^ = 
and if A; < n — 1, then dunB > 0. El 

Corollary 4.5. Let us assume that H^{X;C^) 7^ and H? = 0. Consider p G X, 
Y := X\ {p}, and $^1 the induced character in Y . Then, H9 7^ (on Y ). 
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Proof. If ^r = 1, it is trivial. If g = 0, note that the maximum value of k equals n — 1 
and it can be obtained only when ^ ramifies around all the punctures. D 

Example 4.6. In Example II. 9 1 we showed that the twisted cohomology of a Riemann 
surface X C X with respect to a character ^ which does not ramify around a point 
p £ X changes if we replace X by X U {p}. This example aims the same purpose, but is 
more subtle and points at the root of the relation between the twisted cohomology of a 
character (^ on X and ^o on X^. 

Let X be an elliptic curve, p a point on it and X = X \ {p}. The space of characters 
over X and X coincide. Let us fix 1 7^ .^ G T^^^rx) ^^'^ l^t ^0 be the corresponding 
character in T^ /j^\. Since '7ri(X) is Abelian, H^{X;C^q) = 0. 

Let us decompose ^ = tpexp^uj), where ijj is unitary and uj G i/'^(X, i7^(logp)) = 
H^{X,Q,^^). The Deligne extension of i/j is a degree line bundle L^ over X which is 
trivial if and only if ip = 1 . The short exact sequence 

^fl]^iS> L^^ Q]^(logp) (g) L^ -^ Cp -^ 

induces (note that fi^ = O^): 

^ H^iX; L^) -^ H^iX; 0(p) L^) ^ C ^ H\X; L^) -^ H\X; 0{p) ® L^) -^ 0. 

Let us assume that ip ^ 1. Then, this sequence implies (using Serre Duality and the 
Riemann- Roch formula): 

H'^iX; L^) = H\X- L^) = H\X- 0{p) (g) L^) = 0, H\X- 0{p) (g) L^) ^ C. 

Note also that H°{X;L^) = = H^{X;L^). Applying ([22]) and ([33]) we obtain 
Hf '^C and Hf = 0. 

If -0 = 1 the sequence implies: 

H'^iX; O) ^ H^{X- 0{p)) ^ H^{X- O) ^ C, H^{X; 0{p)) = 0. 

Since H^{X;0) ^ H^iX;0) ^ C, applying 1^ and ((33]) we obtain H^ = and 
Hf^C. 

In both cases we obtain that H^{X;C^) = C but the decomposition into the spaces 
H? and H? depends on the analytic type of X. 

The situation described in the previous example holds in a more general setting. We 
are in position to state the last ingredient needed for the proof of Proposition 14.21 



Proposition 4.7. Let X be a Riemann surface and let ^ he a character on X such 
that the Deligne extension L^ associated with the unitary part of a unitary-holoniorphic 
decomposition of^ is non-trivial. Then H9 = HP = H^{X; L^) where ^q is the character 
induced by ^ on X^. 
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Proof. Let us consider the chain X C X^ C X and the reduced divisors V := X\X and 
V^ := X \ X^. Since the statement is trivial when V = D^ we may assume D^ C T). 

We must consider the sequence (|3.3p apphed to D and T)^ for the Dehgne extension 
L^ associated with ^ = ^exp(a;), where ip is unitary and uj G ff''(X; S7^(logP^)). By 
hypothesis L^ ^ Ojf . 

This sequence reduces to a morphism, defined by the exterior product by cj, where 
the source H^{X;L^) is common for V and V^. Let us study the targets. For V we 
have H^{X;Q,^^{log'D) ig) L^), which is isomorphic, by Serre Duahty, to the dual of 
H^{X;0{-V) (» L~^). Since degP > and degZ;^^ < degP, see Proposition |43l this 
space is trivial. 

Let us now consider i?i(X; O^(logP^) 0L^), i.e., by duality H°{X;0{-V^) (g) L~^). 
Note that the degree e of this line bundle is non-positive. If e < 0, then the space is 
trivial again. If e = 0, then we have V^ = 0; since L^p is non-trivial, the space is also 
trivial. 

Then, Hf = H\X- L^) = Hg. U 

Proof of Proposition W72\. The result is trivial for unitary characters, so we assume that 
^ is non-unitary. We break the proof in several steps. 

Step 1. If X is a Riemann surface. 

After Proposition 14.71 it is enough to prove that either .^ or ^ admits a unitary- 
holomorphic decomposition such that the Deligne extension L^ associated with the uni- 
tary part is non-trivial. 

Let us assume that it is not the case for ^. Then, V^ = 0, X = X^ (see Re- 
mark I3.10p . the unitary part of ^ is 1 (see Proposition 14. 3p and ^ = exp(a;), where 
7^ cj E -H'°(X; Q}^). We deduce that I = exp(w), where oj E H^{X] Ox)- 

Let us consider the decomposition (Jo = a + (3 associated with 

H^{X-X) = 2^f^-KH^{X;^)®H^{X;n\). 

Note that the spaces H9 and H9 do not change if we replace ^ by exp(tci;), t E M*; 
we may assume that a ^ 2\/^^7rii^^(X; Z), and the unitary-holomorphic decomposition 
^ = exp(a) exp(/3) satisfies the hypothesis in Proposition 14.71 The result follows for ^ 
and we have achieved Step [TJ 

Step 2. Preparation of an induction process when X is a quasiprojective surface. 

Using the arguments of Step[T| we obtain that either ^ or ^ fits in a unitary-holomorphic 
decomposition such that the Deligne extension of the unitary part is non-trivial. We can 
assume that it is the case for ^ = ?/;exp(a;), il) unitary with L^ '^ Ox (in particular, 
V^ / 1) ando; E i7°(X; O^logP^)). 
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We prove the statement by induction on the number n of irreducible components of 
V' := P — V^. If n = the statement is triviahy true. Let us assume n > and let us 
fix an irreducible component D oiV . Let us denote P" := D — D and ^" the character 
induced by ^ on X" := X \ P". Let D := D\ V" . Also set: 

C" = n)^ (log V")^L^, C = Q}^ (log V)0L^. 

Since H^{X, L^), we have that 

Hf„ = ker fi/0(X, C") ^ H^X, ^\{\ogV") » L^) 

Hf = ker:iH\X,L^)^H^X,/:)), 

Hf,= kev(^H\X,L^)^H^X,C")). 
Both £ and C" fit in the following short exact sequence 

-> £" -^ £ -^ i*{L^)\D -^ 
and the associated long exact sequence 

(4.1) ^ H\X,C") ^ H\X,C) ''^ H\D- {L^)\j,) H H\X,C") ^ H\X,C). 

Step 3. If the map (*) of (gl]) vanishes then Hf = Hf„. 

By the exactness of (|4.ip the map H^{X,C") — )• H^{X,C) is injective; since Auj 
factorizes through this mapping in the definition of H? , it is immediate that H? = H?,, . 
We have proved Step [3] 

Step 4. If the restriction of ■0 to Z) is non-trivial then H? = Hf,,. 

The third term H^{D; {L^)\£)) of (j4.ip vanishes by Proposition 14.31 and hence, also (*) 
does. The statement of Step [3] implies Step HI 

Assumption. According to Step [H from now on we assume that the restriction of ^ to 
D is trivial. 

The character ip acts trivially on 7ri(Z)). By Proposition 14.31 (L,i,)ip = Od- Since 
H^{D; Od) = C, either {^) or (*) vanishes, i.e., either Hf ^ Hf or Hf = Hf. 

Step 5. UdimH\X;C^) = dimH^X";C^„) then Hf = Hf. 

It is immediate from the above property. 

Assumption. According to Step [5l from now on we will assume dim H^ {X ; C^) > 



d-imH\X";C^„). 
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Step 6. d[mH\X;C^)-dhjiH\X";C,4,'>) = 1. 

The above arguments imply dim H^ {X ; C^) — diinH^{X";C^") = 1. By duality 

dim/7i(X;q-i) -dimi7i(X";C(5„)-i) = 1. 

Using a Mayer- Vietoris exact sequence for Hi{X";C^), we obtain that a meridian 7 
around D defines a twisted cycle (^u which determines a non-trivial homology class in 
the kernel of the natural map Hi{X;C^) — t- Hi{X";C^") induced by inclusion. 

More precisely, let A^ be a regular neighborhood of D, and note that X" = X D N. 
Then X f] N has the homotopy type of a Seifert 3-manifold M, in fact a circle bundle 
over D and A^ has the homotopy type of D. The character is trivial on both M and D; 
recall that dimi:fi(M, C) > dimHi{D;C) and equality arises only when D is compact 
and its Euler number is non-zero. Since the map Hi{X, Cj) — >■ Hi{X" ,C^") is surjective, 
the exact sequence 

Hi{M,CO -^ Hi{X,C^)®Hi{D,Ci) ^ Hi{X",C^.) -^ 0, 

can be completed to a short exact sequence and dimi:fi(M, C) = diuiHi{D; C)-|-l. These 
arguments also hold for the characters ^j := ip exp{toj) , t G C*. Since the character ip 
is limit of the characters ^j, we obtain that the class of (^o is a non-trivial element of 
Hi{X;C^); since the difference of dimensions is at most one, Step [6] is achieved. 

Step 7. The map (<|k) is non-trivial. 

As stated in Remark 13.41 for the character ip the decomposition is natural and we can 
evaluate the elements of HS in Hi{X;C^) and the elements of H^„ in Hi(X";C^"). 
Both spaces are equal to H^{X,L,^). Since C/j is a trivial cycle of Hi{X";C^/i), Va G 
H^{X,L^), we have that ^(Cd) = 0. Using the duality between twisted homology and 
cohomology, there exists (3 G H^ = H^{D; (L^):/)) such that /3(7) 7^ 0. Then /3 is an 
element of H^iX, C)\H°{X, C"). The exactness of (gH imphes the statement of StepH 

We conclude that (*) vanishes and hence HP = HP,. One can replace X by X" and 
apply the induction hypothesis once again. D 

5. CHARACTERS AND ORBIFOLD MAPS 

The main tool for the proof of Theorem [1] is the following result which corresponds 
to [H Proposition V.1.4], except for this statement a weaker hypothesis is required (only 
non-torsion characters as opposed to non-unitary). In this section the notations used in 
31] and [2] will be followed, that is, X is a smooth quasi-projective surface, G := 7ri(X), X 
is a smooth projective compactification of X such that P := X \ X is a normal crossing 
divisor, and C^ is an orbifold coming from a Riemann surface C. 
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Theorem 5.1. Let ^ G Tq be a non-torsion character in Si(X) / and / ^ G 
H^{X;C^). Then there exist: 

• an orbifold dp, 

• an orbifold map / : X — )• C^, 

• a character ^c* £ ^i(C'<^)) 

• and a cohoniology class 6c G H^iC^p^C^^) 
such that C = f*{Cc) and 6 = f*{ec). 

Lemma 5.2. It is enough to prove Theorem 15.11 for holomorphically pure elements 
in H\X;C^). 

Proof. First note that if Theorem 15.11 is true for holomorphically pure elements in 
H^{X;C^), then it is also true for anti-holomorphically pure elements by Theorem 14.11 
and Proposition 14.21 

Let us assume that the claim in Theorem 15.11 holds for holomorphically pure elements 
but not in general. Then there exist non-zero ^1,02 G H^{X;C^), where 9i is holo- 
morphically pure, and 02 is anti-holomorphically pure, coming from different orbifold 
morphisms, say /i : X — )• Ci and /2 : X — )• C2 respectively. We may replace C2 by 
C2 \ M (P G C2) and X by /2"^(C2 \ {p}). By Corollary |43] and Proposition [233] there 
exists a holomorphically pure element ^2 7^ which is a pull-back by /2. 

Since 61 is a twisted logarithmic 1-form, p 1— t- ker{9i)p = ker((i/i)p defines a foliation 
J^i which determines and is determined by /i. Analogously, we construct a foliation 
J"2 / J"i. Choose a point q £ X such that (^"2)9 / i^i)q- Let (ti, ^2) S C^ \ {(0, 0)} and 
consider the holomorphically pure element Ou^^t^\ := tiOi + ^2^2- Since we claim that 
Theorem 15.11 holds for holomorphically pure elements and two proportional elements 
come from the same orbifold morphism, for any [ti : t'2\ G P^ we obtain an orbifold 
morphism f[t-^■t2\ '■ ^ ~^ ^[ti:t2] such that for generic p G X we have keT:{9tt-^^t^\)p = 
ker(d/r^^.^2])p- Since these morphisms have distinct fibers we have obtained a family of 
pairwise non- equivalent orbifold morphisms onto an hyperbolic orbifold parametrized 
by P^. The set of equivalence classes of such morphism is at most countable, see [H 
Lemma V.1.5] and we obtain a contradiction. 

n 

The following key result is the orbifold version of [Jj Proposition V.1.4], which in turn, 
is the quasi- projective version of [3 Proposition 2.1]. We adapt Arapura's proofs [H 
Propositions V.1.3, V.1.4] stressing the details required for the orbifold version. 

Proposition 5.3. Let S, = 'ipexp{uj) G Tq be a strict unitary-holomorphic decomposition 
of the character ^ and let 9 G H^{X; Cg) be a holomorphically pure element. Then, there 
exist: 
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(1) an orbifold map / : X — )• C^, 

(2) CceTu,n:=7Tf''(C^), and 

(3) 9c e HHC^;C^^) 

such that S, = /*(Cc) and 6 = f*{ec). 

Proof. Recall that the Deligne extension L^ is an extension for L^ with a meromorphic 
connection V^;- Using (j3.2p 9 can be represented by a section rj G H^{X] (^^(logP)®!/^) 
such that V(^(r/) = and it is not the image by V^j of a holomorphic section of L^. 

According to Theorem 13.31 7] is so that rj Aoj = 0. In addition, if L^ = Ox, then 77 is 
not a complex multiple of w. 

Using [1, Proposition V.1.3], a holomorphic mapping / : X — )• C onto a quasi- 
projective Riemann surface C exists with the following properties: 

(1) The mapping is the restriction of / : X — )■ (7 (possibly after performing additional 
blowing-ups on X), V\ := C\ C, 

(2) there is a logarithmic 1-form ui £ H^{C;Q,\^{log'Di)) such that a; = f*{ujc)- 

At this point it is worth mentioning that pQ Proposition V.1.3] also ensures the exis- 
tence of a character on C, whose pull-back by / translated by a torsion element, equals ip. 
Alternatively, we will use a more detailed description of ip to describe it as the pull-back 
of a character on a certain orbifold structure on C. 

Let ip be the maximal orbifold structure on C naturally induced by / as described in 
Remark 12. 5| and let C be the set of non-multiple points for if. Let us write C \C = 
Vi + P2, X := f~^{C), and f := f\ : X — )■ (7. Let ip denote the induced character by ip 
onX. 

Let us consider F a generic fiber of / and consider its closure F in X . Outside the 
multiple fibers there is an exact sequence (see |37| Lemma 1.5C] and [16j) 

7ri(F)^7ri(X)^7ri((7)^L 

In order to check that ip is the pullback of a character ip^^ of vri(C') it is enough to check 
that 7Ti{F) C ker^. Arapura proceeds as follows: there is a meromorphic section f3 of 
L^ such that r] = oj ® (3. Since F is generic, one may assume uj\p 7^ 0. Hence, (3\p is 
holomorphic. This fact has two consequences according to Proposition 14.31 applied to F: 

• {L^)\p = Op and hence ip and ip are trivial on F, thus ip \s a, pullback, say 
Ip = f*{ip(j). It follows that S, '■= ipexp{uj) is also a pullback, say ^ = f*{S,Q), 
where ^^ = Tp^exp{uj(^). 

• The meromorphic section /3 is holomorphic and constant on F, i.e., /3 is a pullback 
by /, say /3 = f*{(3(j). Hence r] is the pullback by / of a logarithmic form, that 
is ry = J*{oJc ^ Pc) (with poles along Vi + P2)- 
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• Moreover, the character ipg induces a character ^Cy, on C^. In order to see 

this note that, if f*{p) = ^tt.jE'j, /xj is a meridian around Ei, and /ip is a 

meridian around p, then 1 = ip{ni) = fp{fJ-i) = V'c'l/^p') = (V'c'(Mp))"*- Therefore 

{ipcifJ-p))^ = 1, since by construction ip{p) = gcd(nj). 

The existence of C, ^(j, and 9(j proves the result for X with respect to a Riemann 

surface. Finally, the discussion above and Proposition 12.13] show the existence of C^, S,Cj 

and 9c which proves the result for X with respect to orbifolds. D 

The non- unitary case for Theorem 15. II is partially proved in [H Proposition V.1.4]. In 
fact, the argumentation line in the proof only establishes the statement for characters that 
ramify over all components of the divisor V = X\X. More precisely, since Theorem 14. II 
is needed, Arapura replaces the quasi-projective manifold X by the bigger manifold 
X^ C X but, as Examples 11.91 and 14.61 show . this must be done carefully. Proposition 14.21 
solves these issues. 

Corollary 5.4. Theorem 15.11 is true when the character S, is either non-unitary or 
h{X^)>bi{X). 

Proof. It is a direct consequence of Proposition 15.31 and Lemmas 15.21 and 13.121 D 

Remark 5.5. This corollary is enough if we restrict our attention to the case when 
bi{X) =0 as in 



The remaining case, that is, non-torsion unitary characters ^ such that bi{X^) = 
bi{X), will be treated with different arguments, following Delzant's technique in [23] for 
Kahler manifolds. This strategy uses results by Levitt [34] and Simpson |40j which can 
be adapted to our case. 

Proposition 5.6. Let ^ be a non-torsion unitary character such that bi{X^) = bi{X) 
and let ^ 9 £ H^{X;C^). Then, Theorem \5.1\ holds. 

Proof. Let us assume that ^ is not algebraic. Since S^ := Sfc(X) is an algebraic subva- 
riety of Tq, G = 7Ti{X), defined with rational coefficients, one can deduce that ^ cannot 
be an isolated point of S^. Hence, if A; = diniH^(X;C^) and V is the irreducible com- 
ponent of Sfc containing ^, this component contains non-unitary elements and the result 
follows easily. 

From now on, ^ will be assumed to be algebraic. If S,{G) only contains algebraic 
integers, two cases may happen: either all the conjugates of these algebraic integers are 
also algebraic integers, or not. In the first case Kronecker Theorem implies that ^ is 
torsion and this case has been excluded. In the second case, a conjugate character ^ is 
non-integral. Since all the statements are algebraic, it is enough to prove the result for ^. 
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Then, we can assume ^ is algebraic and non-integral and we can follow the proof of |23| 
Proposition 2]. The first step is to construct an exceptional class a; G H^iX-jW) \ {0} in 
the sense of Bieri-Neumann-Strebel [Q; in fact, uj is defined with integer coefficients. We 
identify H^X;R) with Hom(G,M). 

We sketch the construction of w, see |23| for more details. Since H^{X; Cg) is generated 
by elements in a number field we may assume that 6 is represented by a cocycle (see ll.4p 
in a number field (also denoted by 9). We fix such a number field K in order to have that 
yg €z G the matrix ( ^^^' ^ ) has coefficients in IK. This defines an action of G on M? and 
P^ (K) . The fact that ^ is not integral guarantees the existence of a valuation v such that 
UJ := ly o ^ IS not trivial. This element is the Busemann cocycle of an exceptional action 
of G on the Bruhat-Tits tree T^/ (see [9j). As a consequence, the class uj is exceptional. 

Since uj := vo^^ we deduce that ker ^ C kero;. As a consequence, uj is the restriction of 
7^ a;^ G H^{X^; M). We can strengthen this argument; since the target of v is an ordered 
group, without torsion. Thus for any g £ G whose image S^(g) is a torsion element, one 
has that g G kerw. Hence, let /x be the meridian of an irreducible component of P^. 
Since bi{X^) = bi{X), ^(/u) is a torsion element and, applying last comment, /i G kerw. 
Hence, there exists ujx £ H^{X;W) \ {0} such that uj^ is the restriction of ujj^ (in the 
same way, uj is the restriction of ujx)- We represent ujx by a closed differential 1-form 
(and UJ by its restriction to X). For the sake of simplicity we keep the notation of uj^ 
and UJ for the differential 1-forms. 

Let us consider an unramified abelian covering vf : X^^ — t- X such that vf*a;j5f is an exact 
1-form (e.g, the one determined by kerwjf as a character of 7ri(X)); let F : Xi^ — )• R a 
primitive of Tt*uJx- Let X^^ := 7f~^(X), since 'ni{X) — >■ 7ri(X) is surjective the manifold 
X^ is connected. Let us denote vr : X^ — )• X the induced covering and F : X^ -^ M the 
restriction of F; F is a primitive of 7r*a;. 

Following |34) . we have a characterization of exceptional elements of H^^X'^M.) when 
they are represented by 1-forms: uj is exceptional if and only if F~^(M>o) has more 
than one connected component where F is unbounded. Since X \ X is a union of real 
codimension 2 varieties the number of connected components of F^^(M>o) and F~^(M>o) 
is the same. We conclude that uix is also exceptional. 

Using Simpson's results |39| . one obtains a surjective morphism f : X ^ G with 
connected fibers, where C is a compact Riemann surface. Let C := f{C) and let / := 
/i : A" — )• C be the restriction morphism. Here C is considered with the maximal orbifold 
structure if defined by / (see Remark 12. Sp . We follow again the arguments of the proof 
of |23| Proposition 2]. For this orbifold dp, the character ^ is in the pull-back of the 
characteristic variety S(C^). This is proved using the action on the tree and showing 
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that the action on the projective Hne P^(]K) is trivial. As a consequence 9 is in the 
pull-back of S(C^). D 

Proof of Theorem \5.1[ Let (, G Tq be a character on X. If ^ is not unitary, then Corol- 
lary [5]1] gives the result. Hence we might assume that ^ is a unitary character. 

On the other hand, if bi{X^) > 61 (X), then again Corollary 15.41 gives the result. 
Finally, if bi{X^) = bi{X), then Proposition 15.61 shows the statement. D 

Remark 5.7. Note that the proof of Theorem lS.ll in fact shows a sharper result, namely, it 
is also true for unitary characters (torsion or non-torsion) such that bi{X^) > bi{X). In 
other words, the only case missing is unitary torsion characters for which bi{X^) = bi{X). 
In fact, the statement is not true in general for this case as illustrated in Example 17.31 

Proof of Theorem^ Once Theorem 15.11 is proved, the arguments of [H Section V] give 
the result (they formally apply to S^ for any k). D 

6. Behavior of torsion characters and further applications 

The results of § [5] do not apply to general torsion characters of a quasi- projective 
manifold X. Some of them may appear as isolated points of some characteristic variety 
Sfc(X) and in that case they may fall either in case (1) or in case |(2)| of Theorem [TJ 



Since the irreducible components of Theorem [Wl)| are torsion-translated subtori of Tq, 
G := 7ri(X), even if Theorem 15. II does not apply to torsion characters, the properties of 
dose non-torsion points imply that some of the elements of H^{X; C^), for ^ torsion, do 
come from an orbifold map. In this section we study the behavior of torsion characters 
as well as show some properties of characteristic varieties which can be derived from 
Theorem [TJ 

Proposition 6.1. Let ^ G Tq be a torsion character such that bi{X^) > bi{X). Then ^ 
cannot be an isolated component of any characteristic variety of X. 

Proof. It is a direct consequence of Lemma 13.121 and Corollary 15.41 there is a strict 
unitary-holomorphic decomposition ^ = '(/)exp(a;). Let us assume that ^ G Sfc(X). 
Following Remark |3 . 101 and the ideas in |7| and in [T| Proposition V.1.3], for any t G C, we 
have ^i := C = ipex.^{tLo) G Sfc(X), and then ^ cannot be an isolated point of Tik{X). D 

Next we give a generalization of the results about essential coordinate components of 
the characteristic varieties of the complement of hypersurfaces in P*^, see [21 135]. Let X 
be a quasi-projective manifold and let V be an irreducible component of Sfc(X). Let X^ 
be the maximal subvariety X C X^ C X such that any character in V is defined over 
X^ . Recah that H^[X^;C*) C H^{X;C*) and that V C iJi(X^;C*). The following 
result is a generalization of a Libgober's result in |35| Lemma 1.4.3]. 
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Proposition 6.2. IfV is not contained in Iljt(X^) then V is a torsion point of type \{2)\ 
in Theorem^ 

Proof. If V is not isolated tiien it comes from an orbifold map X — )■ d^. Following the 
ideas in |35| Lemma 1.4.3] we can extend this map to X^ using the definition of this 
variety. D 

We recall a definition introduced in |[5] [28j . 

Definition 6.3. For V an irreducible component of Sfc(G) such that dime I^ ^ !> 
consider Shdy (not necessarily in Efc(G)) parallel to V (ShdF = pV for some p £ Tq) 
and such that 1 G Shd^. Such a subtorus ShdV will be referred to as the shadow of V. 

The result and the proof of Theorem [1] provide many obstructions for the quasi- 
projectivity of a group. We start with a very useful result (see Lemma [5. 2p . 

Lemma 6.4. Let ^ he a non-torsion character such that H^{X;C^) ^ 0. Then there is 
a unique maximal orbifold mapping / : X — t- C^ such that ^ = f*£,c o-nd H^(X;C^) = 

f*H\C^-Ciia)- 

Proof. Exchanging ^ by ^ if necessary we may assume that Hf ^ 0. Let us assume that 
fj-.X^ C,-^, j = 1,2, satisfies ^ = T^c, and f*H\Cj,^;C^^^) C H^iX;C^). 

One can remove points from Cj to ensure H^ ^ (replacing X by a dense Zariski-open 
set). The foliation argument used in Lemma 15.21 gives a contradiction. D 

Proposition 6.5. Let G be a quasi-projective group and Vi, V2 different irreducible com- 
ponents ofTi]f_{G), k>l of positive dimension. Then 

(1) If the intersection Vin V2 is non-empty, then it consists of isolated torsion points. 

(2) Their shadows are either equal or have 1 as an isolated intersection point. 

(3) IfVi is not a component of T,k+i{G) and p G Vi n Sfc+i(G), then p is a torsion 
point. 

(4) Vi is an irreducible component ofTii{G), 1 < i <k. 

Proof. The property |(4)| follows from Lemma 16.41 since it is true for orbifolds. Each 
irreducible component comes from an orbifold; if two different components come from 
the same orbifold, they are parallel, hence disjoint. Lemma 16.41 gives |(1)[ 

If the underlying Riemann surface of the orbifold giving Vj is not C* or an elliptic 
curve, then their shadows are in Si, and | (2) [follows from (1) For the general case, it is 



proved by Dimca. Finally [(3)] is an immediate consequence of (1) and Theorem [TJ D 



Remark 6.6. Parts (1) and | (2) | in Proposition 16.51 can also be found in [28j, Part |(3)] is 
proved in |25| . 
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Proposition 6.7. Let G be a quasi-projective group and let V be an irreducible compo- 
nent ofTik{G), k>l of positive dimension d. Then: 

(1) If 1 €z V , then k < d — 1. Moreover, one can ensure that V is a component of 
'^d-eiG), where e = 2 if d even and e = 1 if d odd. 

(2) Ifl^V, then V is a component ofTi^iG). 

(3) If 1 ^ V and d> 2, then its shadow is an irreducible component of'Ei{G). 

(4) Ifl^V and d = 2, then its shadow is an irreducible component o/Ei(G) if and 
only if its shadow is an irreducible component ofTj2{G). 

(5) If 1 ^ V and d= 1, then its shadow is not an irreducible component o/Si(G). 

Proof. It is a direct consequence of Theorem [T] and the properties of the cliaracteristic 
varieties of orbifolds. D 

Remark 6.8. The results [(4)] and [(5)] in Proposition 16.71 can be found in [25]. The cases 
where the shadow is not in the characteristic variety correspond, according to Theorem [H 
to either orbifold pencils over C* or elliptic pencils. 

Proposition 6.9. Let G be a quasi-projective group, and let V\ and Vi be two distinct 
irreducible components ofT,k{G), resp. T,£{G). If S, € Vi D V2, then this torsion point 
satisfies ^ G Sfc+^(G). 

Proof. Let Hj C //^(X;C^) be the subspace obtained by the pull-back of the orbifold 
giving Vj, j = 1,2, dimi/i = k, dim 7^2 = ^- Using the arguments of the proof of 
Lemma 16.41 we prove Hi H2 = {0}. D 

Remark 6.10. A careful look at the proof of Proposition 16. 9l shows stronger consequences. 
In particular, the hypothesis that the irreducible components Vi and V2 be distinct can 
be weakened as follows: Vi and V2 are ^-distinct as long as the spaces Hj C H^(X;C^) 
obtained in the proof are different. Analogously, using the arguments of the proof of 
Lemma 16.41 one obtains that Hi D H2 = {0} and hence ^ G Sfc+^(G). 
This subtle improvement is illustrated in Example 17.21 



7. Examples 

Example 7.1. Consider the curve C with equation 

xyz (x + y -\- z — 2xy — 2xz — 2yz) = 0. 

The fundamental group G oi X := P^ \ C is the Artin group of the triangle with 
weights (2, 4, 4), see [5]. The first characteristic variety of X consists of three irreducible 
components of dimension 1, intersecting at one character ^ of order 2. The second char- 
acteristic variety equals {^} and the third one is empty. This illustrates Proposition 16.91 
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Example 7.2. Let us consider a curve C C P^ which is the dual curve of a smooth cubic 
and let X := P^ \ C Note that C is a curve of degree 6 with nine ordinary cusps and 
Tg is the set of sixth roots of unity, where G := tti{X). The fundamental group of this 
curve G was computed by Zariski |43| . It is not difficult to prove that Sfc(X), k = 1,2, 3, 
equals the set {■^ei'^e} of points of order 6, ^g '■= exp I -3-^ )• Concretely, let us define 
a curve G of equation: 

f{x, y, z) := x^ + y^ + z^ - 2{x^y^ + x^z^ + y^z^) = 0. 

Since 



(7.1) f{x, y, z) = {x' + y''- z'f - 4(xy)^ 

the map [x : y : z\^^ [(x^ + y^ — z^)^ : {xy^] induces an orbifold rational map P^ --->■ P2 3, 
for which C 1— t- [4 : 1]. Therefore it also determines an orbifold map X — )• C2,3 which 
produces (by pull-back) a non-zero element 9z G H? C H'^{X;C^q). From the symmetry 
of the equation one can obtain two other elements Oy and Ox- Even though 6^, Oy, and 
Oz satisfy the statement of Theorem 15.11 one can easily construct 1-forms not satisfying 
it by simply considering a generic linear combination of 9^ and 9y. 

Also note that one can find other toric decompositions, like the one defined by 

(7.2) 

f{x, y,z) = A (x^ + xz + xy + z^ + zy + y"^) 

-3 [z^ + 2xz^ + 2x^z + x^ + 2 z^y + 2 zyx + 2x'^y + 2zy'^ + 2 xy"^ + y^)^ ■ 

In this case, the forms obtained using these pencils generate i?^(X;Cgg). This example 
can also be found in |18| . where an infinite number of decompositions of type fh^ = 
93 + 93 s-re described. Such decompositions are called quasi-toric decompositions and 
they produce morphisms onto PL ^ g-, . 

This illustrates Remark 16. 10^ since for instance V\ = V2 = {^e} C Si(X) can be 
chosen such that V\ (resp. V2) is associated with the orbifold map coming from (|7.ip 
(resp. ()7.2p ). This automatically implies that ^g £ ^^2^^^ 

Note that Tn = UaT^, where H = 7r°'^^(C2,3) = P2,3> ^ = (Ai,A2) G C2 x C3, and 
TJj'^^ = {1}. According to Proposition ElOl Si(n) = t{j"^'^'^ U t}j~^'^"'^ = {^6,^6} and 
S2(n)=0(C„:=exp^2.^ 



Summarizing, ^g as an element of Si is of type (1) However, if we consider ^g as an 
element of S2, then it is of type |(2)[ 

Example 7.3. The affine Degtyarev curve C C C^ in [31, Section 3] provides an example 
of a space X = C^\C such that Si(A:) = {^ | ^^ _ ^3 ^ ^2 _ ^ ^ ^ ^ q| y |;^|^ ^^^ ^ 
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is of type (2) in Theorem [TJ Note that, in this case ,^ is a torsion character and both 



bi{X^) = bi{X) = 0, which is necessary by Remark 15.71 

Example 7.4. Consider the following arrangement (cf. [6J) given by equations Cn '■= 
(y" - x'')(y" - z")(z" - x"), n > 2, where 

h+3k ■=y- iiz, e2+3k ■■= Z- i^X, ^3+3fe := y - in^. 

This arrangement can be seen as the Kummer covering [x : y : z] i— )• [x" : y" : z"] of a 
Ceva arrangement ramified along {xyz = 0}. It has been considered in |20 1 I19 | [2¥| where 
mainly the components in Si have been accounted for. Here we interpret the essential 
components in S^ for k > 1. 

Note the following pencils associated with the arrangement C„: 

n n 

k=l fc=l 

where 

n 

/l + /2 = ^"(y"-X-) = z"n^3+3fc, 

fc=l 

and 

n n 

Ga,^ = agi + /352 — « H ^^+3k + /^ H ^2+3fc = «(y" - -2") + /3(-2" - ^'')' 

A:=l A:=l 

where 

n 

fe=i 

The rational maps fi : P^ — ^ pi, i = 1,2 defined by /i([x : y : z]) := [/i : /2], 
/2([x -.y.z]) := [gi : 52], are such that {xyz = 0} U C7„ = f-\{[0 : 1], [1 : 0], [1 : -1]}) 
and Cn = f2 ({[0 : 1]) [1 : 0], [1 : — 1]}). Moreover, after resolving the base points of the 
rational maps one obtains two morphisms: 

fi : Xn ^ Oi := P„^„^„, 

/2:X„^O2:=P^\{[0:l],[l:0],[l :-!]}, 

where X„ = P^ \ C7„. By Proposition EIH Si(f)i) = {A = (Cl^LU^"^^^) \ ^(A) > 
3} D S2(f^i) = 0, Si(02) = Tf2 D £2(^2) = 0. The injection /nSi(Qi)) C Si(X„) 
produces a zero-dimensional embedded component inside the one-dimensional component 
/2(S2(ri2)) C T,2{Xn) (except for n = 2). Using Proposition 16.91 one can deduce that 
in fact /^(Si(ili)) C T,2{X). This was already pointed out in [24J . but here we give a 
different approach. 
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